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Abstract
It is known that the ideal gas equation of state is not valid in the lower atmosphere of Venus where
surface pressures reach 9 MPa and surface temperatures approach 750 K. Moreover, the presence of
a small amount of nitrogen slightly complicates the calculation of thermodynamic properties of the
real gas mixture present in the atmosphere. Previous calculations of the adiabatic lapse rate in the
Venus atmosphere have used approximations to estimate the adiabatic lapse rate. Here, we calculate
the adiabatic lapse rate more accurately by using multi-parameter mixture models formulated in
reduced Helmholtz free energy to account for the real gas mixture effects. Our results show small
differences from the Seiff et al. (1980) values for the adiabatic lapse rate which may be significant
where the Venus atmosphere is close to being neutral. For accurate knowledge of the static stability
for atmosphere circulation, a local value of the adiabatic lapse rate is necessary.
Keywords: Venus; Atmospheres, composition; Atmospheres, structure;
1. Introduction
Staley (1970) pointed out that the adiabatic lapse rate for the lower atmosphere of Venus
cannot be calculated using the ideal gas equation (g/cp) due to the high temperature and pressure
conditions and the presence of small amount of nitrogen. Considering an arbitrary equation of state
for any gas mixture, Staley (1970) derived the following expression for adiabatic lapse rate Γ at the
altitude z in a planetary atmosphere
Γ = −
dT
dz
= −
T
ρ
(
∂p
∂T
)
ρ(
∂p
∂ρ
)
T
(
g
cp
)
=
T
ρ
(
∂ρ
∂T
)
p
(
g
cp
)
(1)
where T is temperature, p is pressure, ρ is the density, g is the acceleration due to gravity and
cp is the isobaric specific heat capacity of the air at altitude z. Assuming that the atmosphere
is composed of pure CO2, Staley (1970) calculated cp and hence Γ using the real gas physical
properties of pure CO2 (Hilsenrath et al., 1955) across a range of pressure and temperature that
can be found in the atmosphere of Venus. The major shortcoming of this approach was that the
presence of N2 in the atmosphere was neglected. In order to overcome this, Seiff et al. (1980)
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calculated the adiabatic lapse rate by assuming an ideal binary gas mixture of real gas components:
carbon dioxide (CO2) and nitrogen (N2) in a volume measured mixing ratio of 96.5 : 3.5, arguing
that the abundance of nitrogen is small. In this approach, adiabatic lapse rate is written as
Γ = −(aT )
g
cp
(2)
where
a = −
1
ρ
(
∂ρ
∂T
)
p
(3)
In the case of an ideal binary gas mixture, the contribution of pure real gas component i to the
thermodynamic properties of the mixture is directly proportional to it’s mole fraction xi which
gives
cp =
∑
i
xicpi (4)
aT =
∑
i
xi(aT )i (5)
The main drawback of this method is that the non-ideal interactions of CO2 and N2 in the mixture
are neglected in calculating the thermodynamic properties of the mixture.
Furthermore, the VIRA model (Seiff et al., 1985) extrapolated the surface temperature of Venus
below 12 km altitude (at which the last measurements were made by the sensors on the four Pioneer
probes) by using the adiabatic lapse rate calculated by Seiff et al. (1980). Thus surface temperatures
reported for all Pioneer probes are slightly inaccurate. As a result, the values calculated for the
surface conditions on Venus which has been used in most subsequent studies pertaining to the
stability of atmosphere and atmospheric circulation can be made more accurate. VeGa2 lander is
the only atmospheric probe which has provided us with accurate measurements down to the surface.
VeGa2 lander data in the lower atmosphere was examined by Team and Seiff (1987) which showed
near neutral and superadiabatic layers. Presence of superadiabatic layers on Venus raises some key
questions about the source of near surface heat deposition and the resulting atmospheric circulation
in the lower atmosphere. An important parameter in understanding such atmospheric processes
on Venus is static stability which influences small-scale turbulence caused by convection or wind
shear, mesoscale motions and large-scale circulations as well as topography induced disturbances
by the ambient flow. Thus is it imperative to calculate the adiabatic lapse rate accurately for the
known conditions on Venus.
A more detailed derivation of the real gas adiabatic lapse rate for a planetary atmosphere with a
multi-component real gas mixture composition varying with altitude is illustrated in Appendix A.
The same expressions for adiabatic lapse rate (Eqs.1) as originally derived by Staley (1970) are
obtained. As can be seen from the expressions, accuracy in adiabatic lapse rate at any altitude
depends on the accuracy in Venus atmosphere profiles available, composition of the atmosphere at
that altitude, density ρ and the isobaric specific heat capacity cp of air at that altitude. As there
is limited experimental data available for the particular real gas binary mixture that largely makes
up the Venus atmosphere, it becomes necessary to use an equation of state to predict the density ρ
and isobaric specific heat capacity cp at different pressures p and temperatures T . We have already
highlighted how the approaches followed by both Staley (1970) and Seiff et al. (1980) introduced
errors in the determination of these quantities for the real gas binary mixture of CO2 − N2 that
largely make up the Venus atmosphere.
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In this work, we determine ρ and cp more accurately than previous approaches by considering
the interactions between real gas components in the mixture through a equation of state for the
mixture. A variety of different equations of state for fluids and mixtures exist (Sengers et al.,
2000). Here, we determine the physical properties of the real gas binary mixture CO2 − N2 by
using thermodynamic models in Helmholtz energy. We consider two different Helmholtz energy
mixture models proposed in (Lemmon and Jacobsen, 1999) and (Kunz and Wagner, 2012). The
advantage these models present over other equations of state for mixtures is that it allows us to
obtain the mixture properties by combining properties of real gas components obtained through
their respective equations of state. In Sections 2 and 3, we review these models and how they can
be used to calculate the desired thermodynamic quantities. This will be followed by a verification
of the approach against experimental data and prior approaches in Section 4. In Section 5, we show
how the mixture models can be used to calculate the adiabatic lapse rate and static stability for
the Venus atmosphere. Results are discussed in Section 6. Finally in Section 7, we highlight the
results obtained and discuss future work.
2. Background
2.1. Review of Mixture Models
Equations of state formulated in reduced Helmholtz free energy for mixtures were first proposed
independently by Tillner-Roth (1993) and Lemmon (1996). These empirical multi-parameter mod-
els rely on mixing rules to obtain properties of multi-component mixtures from equations of states
of the pure fluid components. These mixing rules and the equations of state of the pure fluid com-
ponents themselves are obtained through fitting of experimental data of multiple thermodynamic
properties. The first mixture model that we consider was proposed in (Lemmon and Jacobsen,
1999). The second mixture model that we consider is the GERG-2008 model which was proposed
in (Kunz and Wagner, 2012) and is considered the most accurate mixture model for obtaining ther-
modynamic properties of natural gases. The older GERG-2004 mixture model (Kunz et al., 2007)
was used by Hagermann et al. (2007) to estimate the abundance of methane in Titan’s atmosphere
using speed of sound measurements through a Bayesian analysis. However, mixture models in
Helmholtz energy have not been applied to compute adiabatic lapse rate of a multi-component
planetary atmosphere before.
A more recent mixture model was proposed in (Gernert, 2013) to predict thermodynamic prop-
erties mixtures relevant for Carbon Capture Storage more accurately. However, the mixing rule
suggested for the binary mixture of carbon dioxide and nitrogen in (Kunz and Wagner, 2012) re-
mains unchanged. We consider the two different mixture models to reflect the effect of mixing rules
on accuracy even when both models use the same pure fluid equations of state. From here on, we
will refer to the mixture model introduced in (Lemmon and Jacobsen, 1999) as LJ-1999 model and
Seiff et al. (1980) approach of considering ideal mixture of real gases as IMRG model.
2.2. Mixture Model in Helmholtz Free Energy
Any generalized mixture model in Helmholtz free energy A with independent mixture vari-
ables ρ, temperature T and molar composition x¯ (Lemmon, 1996; Lemmon and Jacobsen, 1999;
Kunz and Wagner, 2012) can be written as
A(ρ˜, T, x¯) = Aidmix(ρ˜, T, x¯) +AE( ˜rho, T, x¯) (6)
where Aidmix is the Helmholtz energy of the ideal mixture of the real gas components, AE is the
Helmholtz energy contribution to mixing, ρ˜ (= ρ/M) is the amount of substance density and M is
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the molar mass of the mixture. In general, M =
∑
i xiMi whereMi is the molar mass of component
i. Seiff et al. (1980) essentially neglected AE in calculating cp in Eq.4. It is however easier to work
with the following decomposition of the Helmholtz energy of the mixture
A(ρ˜, T, x¯) = Ao(ρ˜, T, x¯) +Ar(ρ˜, T, x¯) (7)
where Ao is the contribution of the ideal gas and Ar is the contribution from the residual Helmholtz
energy of the pure fluid components and from the Helmholtz energy contribution to mixing. Non-
dimensionalizing Eq.7 by dividing by RT (R = 8.314510 J/(mol·K) is the universal gas constant
and T is the mixture temperature), we obtain
α(ρ˜, T, x¯) = αo(ρ˜, T, x¯) + αr(δ, τ, x¯) (8)
where δ is the reduced mixture density and τ is the inverse reduced mixture temperature given by
δ = ρ˜/ρr(x¯) (9)
τ = Tr(x¯)/T (10)
These reducing parameters are only functions of the composition as indicated above. They are
specific to the mixing rule that is followed. For example, the reducing function used in the Lemmon’s
model (Lemmon and Jacobsen, 1999) is very different from that used in the GERG-2008 model
(Kunz and Wagner, 2012). The non-dimensionalized Helmholtz free energy of the ideal gas mixture
is
Ao(ρ˜, T, x¯)
RT
= αo(ρ˜, T, x¯) =
n∑
i=1
xi [α
o
i (ρ˜, T ) + lnxi] (11)
where αoi is the ideal gas Helmholtz energy of component i in the mixture which is a function of
the mixture amount of substance density ρ˜ and temperature T , and not that of reduced density
δ and inverse reduced temperature τ . The term
n∑
i=1
xi lnxi quantifies the entropy of mixing. The
residual part of the non-dimensionalized Helmholtz free energy is
Ar
RT
= αr =
n∑
i=1
xiα
r
i (δ, τ) + α
E(δ, τ, x¯) (12)
where αri is the non-dimensionalized residual part of Helmholtz free energy of component i in the
mixture and αE is called the excess value of the non-dimensionalized Helmholtz free energy or the
departure function (Kunz and Wagner, 2012). The usual functional form is
αE(δ, τ, x¯) =
n−1∑
i=1
n∑
j=i+1
xixjFijα
r
ij(δ, τ) (13)
where the functional form of αrij and the value of parameter Fij is prescribed by the mixing rule being
used. All common thermodynamic properties such as pressure, isochoric heat capacity, isobaric heat
capacity, sound of speed, enthalpy, saturated-liquid density and VLE data can be obtained from
the derivatives of α0 and αr. A list of the expressions can be found in (Kunz and Wagner, 2012).
Here, we only list those that are of relevance to us
p = ρ˜RT
[
1 + δ
(
∂αr
∂δ
)
τ
]
(14)
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c˜v
R
= −τ2
[(
∂2α0
∂τ2
)
+
(
∂2αr
∂τ2
)
δ
]
(15)
c˜p
R
=
c˜v
R
+
[
1 + δ
(
∂αr
∂δ
)
τ
− δτ
(
∂2αr
∂δ∂τ
)]2
1 + 2δ
(
∂αr
∂δ
)
τ
+ δ2
(
∂2αr
∂δ2
)
τ
(16)
To complete the mixture model setup, we still need to specify the mixing rules in order to evaluate
the reduced mixture density δ, reduced mixture temperature τ and the departure function αE .
We also need to specify the equations of state for CO2 and N2 that we will use to calculate the
ideal Helmholtz energy α0i , residual Helmholtz energy α
r
i and their derivatives. One reason for
considering LJ-1999 mixture model and the GERG-2008 mixture model is that they both consider
the same set of equations of state for the pure components of CO2 and N2.
2.2.1. LJ-1999 Mixture Model
As mentioned before, a mixing rule specifies how the equations of state of the pure components
will be combined to evaluate the properties of the mixture. Firstly, we require the evaluation of
the reduced mixture density and temperature which depend on the expressions of the reducing
functions of density and temperature. For the LJ-1999 mixture model, they are given by
ρr =

 n∑
i=1
xi
ρ˜ci
+
n−1∑
i=1
n∑
j=i+1
xixjξij


−1
(17)
Tr =
n∑
i=1
xiTci +
n−1∑
i=1
n∑
j=i+1
x
βij
i x
φij
j ζij (18)
where ρ˜ci is the critical amount of substance density of component i, Tci is the critical temperature
of component i, and ξij , βij , φij and ζij are constant parameters particular to the mixture. For a
binary mixture, the expressions for reducing values simplify to
ρr =
[
x1
ρ˜c1
+
x2
ρ˜c2
+ x1x2ξ12
]−1
(19)
Tr = x1Tc1 + x2Tc2 + x
β12
1 x
φ12
2 ζ12 (20)
For the LJ-1999 mixture model, the departure function is given by
AE
RT
= αE =
n−1∑
i=1
n∑
j=i+1
xixjFij
10∑
k=1
Nkδ
dkτ tk (21)
The parameters in Eq.21 which are not specific to the mixture are presented in the Table 1. In
the case of the binary mixture CO2 − N2, F12 = 2.780647, ξ12 = 0.00659978 dm
3mol−1, ζ12 =
−31.149300K, φ12 = 1 and β12 = 1.
5
k Nk dk tk
1 −0.245476271425 × 10−1 1 2
2 −0.241206117483 1 4
3 −0.513801950309 × 10−2 1 −2
4 −0.239824834123 × 10−1 2 1
5 0.259772344008 3 4
6 −0.172014123104 4 4
7 0.429490028551 × 10−1 5 4
8 −0.202108593862 × 10−3 6 0
9 −0.382984234857 × 10−2 6 4
10 0.262992331354 × 10−5 8 -2
Table 1: Parameters for Eq.21
2.2.2. GERG-2008 Model
The mathematical structure of the reducing functions for density and temperature for the
GERG-2008 model are more complicated than the LJ-1999 model and are given by
ρr =

 n∑
i=1
x2i
1
ρ˜2c,i
+
n−1∑
i=1
n∑
j=i+1
2xixjβv,ijγv,ij ·
xi + xj
β2v,ijxi + xj
·
1
8
(
1
ρ˜
1/3
c,i + ρ˜
1/3
c,j
)3
−1
(22)
Tr =
n∑
i=1
x2iTci +
n−1∑
i=1
n∑
j=i+1
2xixjβT,ijγT,ij ·
xi + xj
β2T,ijxi + xj
(Tc,i · Tc,j)
0.5 (23)
where βv,12 = 0.977794634, γv,12 = 1.047578256, βT,12 = 1.005894529 and γT,12 = 1.107654104 for
the binary mixture of CO2 −N2. The function α
r
ij which is a part of α
E (Eq.13) is given by
αr12(δ, τ) =
2∑
k=1
nkδ
dkτ tk +
6∑
k=3
nkδ
dkτ tk · exp
[
−ηk(δ − ǫk)
2 − βk(δ − γk)
]
(24)
and F12 = 1.0 for CO2−N2. The values of the different parameters in Eq.24 are given in Table 2.
k dk tk nk ηk ǫk βk γk
1 2 1.850 0.28661625028399 0.000 0.000 0.000 0.000
2 3 1.400 -0.10919833861247 0.000 0.000 0.000 0.000
3 1 3.200 -1.13740320822700 0.250 0.500 0.750 0.500
4 1 2.500 0.76580544237358 0.250 0.500 1.000 0.500
5 1 8.000 0.00426380009268 0.000 0.500 2.000 0.500
6 2 3.750 0.17673538204534 0.000 0.500 3.000 0.500
Table 2: Parameters for Eq.21
2.3. Equation of State for CO2 and N2
For the pure fluids of carbon dioxide CO2 and nitrogen N2, we use the equations of state
proposed by Span and Wagner (1996) and Span et al. (2000) respectively. As mentioned before, the
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LJ-1999 and GERG-2008 mixture models define mixing rules considering these pure fluid equations
of state. They are also accurate in a vast temperature and pressure region as can be seen in Table
3. For CO2, the equation of state can be extrapolated from the triple-point temperature down to
90K (Klimeck, 1996; Kunz and Wagner, 2012) without loss in accuracy and we can thus cover the
entire range of p and T in the Venus atmosphere.
Substance Reference
Range of validity Molar mass Tc ρ˜c
T [K] Max. p [MPa] [kg·kmol−1] [K] [kmol·m−3]
CO2 Span and Wagner (1996) 216− 1100 800 44.0098 304.1282 10.6249
N2 Span et al. (2000) 63.151 − 1000 2200 28.01348 126.192 11.1839
Table 3: References and critical parameters of CO2 and N2
The equation of state for the pure fluids is explicit in the dimensionless Helmholtz energy α
using independent variables of reduced density and temperature.
Ai(ρ, T )
RT
= αi(δ, τ) = α
o
i (δ, τ) + α
r
i (δ, τ) (25)
where the subscript i denotes the component of interest (i.e. CO2 or N2). In the above equation,
δ is the mixture reduced density and τ is the mixture reduced temperature when calculating the
contribution of component i to any mixture. When calculating the Helmholtz energy for a system
containing only the pure fluid i, δ = ρ˜/ρ˜c and τ = Tc/T . This would also be obtained from
the reducing functions of Eqs.17 and 18 for the LJ-1999 mixture model or Eqs.23 and 22 for the
GERG-2008 mixture model respectively
Nitrogen. The ideal gas Helmholtz energy of N2 is given by
αoN2(δ, τ) = ln δ + a1 ln τ + a2 + a3τ + a4τ
−1a5τ
−2 + a6τ
−3 + a7 ln[1− exp(−a8τ)] (26)
where a1 = 2.5, a2 = −12.76953, a3 = −0.007841630, a4 = −1.934819 × 10
−4, a5 = −1.247742 ×
10−5, a6 = 6.678326 × 10
−8, a7 = 1.012941 and a6 = 26.65788. The residual gas Helmholtz energy
of N2 is given by
αrN2(δ, τ) =
6∑
k=1
Nkδ
ikτ jk +
32∑
k=7
Nkδ
ikτ jk exp(−δlk ) +
36∑
k=33
Nkδ
ikτ jk exp(−ψk(δ − 1)
2 − βk(τ − γk)
2)
(27)
The derivatives of αrN2 as required in the mixture model and values of the parameters Nk, ik, jk,
lk, ψk, βk, and γk (for different values of k) are given in Appendix B.
Carbon Dioxide. Ideal Helmholtz energy is given by
αoCO2(δ, τ) = ln δ + a
0
1 + a
0
2τ + a
0
3 ln τ +
8∑
i=4
a0i ln[1− exp(−τθ
0
i )] (28)
i a0i θ
0
i i a
0
i θ
0
i
1 8.37304456 5 0.62105248 6.11190
2 -3.70454304 6 0.41195293 6.77708
3 2.50000000 7 1.04028922 11.32384
4 1.99427042 3.15163 8 0.08327678 27.08792
Table 4: Parameters as in Eq.28
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Residual Helmholtz energy is given by
(29)
αrCO2(δ, τ) =
7∑
i=1
niδ
diτ ti +
34∑
i=8
niδ
diτ ti exp(−δci)
+
39∑
i=35
niδ
diτ ti exp(−αi(δ − ǫi)
2 − βi(τ − γi)
2) +
42∑
i=40
ni∆
biδΨ
with
θ = (1− τ) +Ai[(δ − 1)
2]1/(2βi) (30)
∆ = θ2 +Bi[(δ − 1)
2]ai (31)
Ψ = exp(−Ci(δ − 1)
2 −Di(τ − 1)
2) (32)
The derivatives of αrCO2 , θ, ∆ and Ψ as required in the mixture model and values of the parameters
ni, di, ti, ci, αi, βi, γi, ǫi, ai, bi, Ai, Bi, Ci and Di are given in Appendix C.
2.4. Ideal Mixture of Real Gases Model
We will now discuss how the approach in (Seiff et al., 1980) can be followed using the equations
of state in Helmholtz energy. To obtain the thermodynamic properties of ideal mixture of real gases
(IMRG), the first step is to neglect the contribution of non-ideal interactions between the different
components in the mixture model. This can be done by setting αE to zero. The non-dimensionalized
Helmholtz free energy of the IMRG can then be written as
αIMRG(ρ˜, T, x¯) =
n∑
i=1
xi [α
o
i (ρ˜, T ) + lnxi + α
r
i (δi, τi)] (33)
where δi = ρ˜/ρ˜c,i is the reduced density and τi = Tc,i/T is the reduced temperature of component
i. It is important to note that αri is not a function of the mixture reduced density δ and mixture
reduced temperature τ here. These reduced values depend on mixing rules which vary from one real
gas mixture model to another as we have seen in the case of LJ-1999 and GERG-2008 models. The
IMRG must not depend on the mixing rule being used. This approach is similar to that followed
in (STP-TS-012-1, 2012). The thermodynamic properties of the IMRG can be obtained by using
Gibbs-Dalton law which is valid for ideal mixtures
p =
n∑
i=1
xipi; c˜v =
n∑
i=1
xic˜v,i; c˜p =
n∑
i=1
xic˜p,i (34)
where pi is the partial pressure of component i for ρ˜ and T which can be evaluated using Eq.14.
Similarly, c˜v,i is the partial specific isochoric heat capacity and c˜p,i is the partial isobaric specific
heat capacity of component i which can be evaluated using Eqs.15 and 16. Specifically, we have
p =
n∑
i=1
ρ˜RTxi
[
1 + δi
(
∂αri
∂δi
)
τi
]
(35)
c˜v
R
= −
n∑
i=1
xiτ
2
i
[(
∂2α0i
∂τ2i
)
+
(
∂2αri
∂τ2i
)
δi
]
(36)
c˜p
R
=
c˜v
R
+
n∑
i=1
xi
[
1 + δi
(
∂αri
∂δi
)
τi
− δiτi
(
∂2αri
∂δi∂τi
)]2
1 + 2δi
(
∂αri
∂δi
)
τi
+ δ2i
(
∂2αri
∂δ2i
)
τi
(37)
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3. Density Solvers
As we have seen in the previous section, the independent variables for the mixture models in
Helmholtz free energy are amount of substance density ρ˜ and temperature T . When pressure p and
temperature are available to us, we need to solve for amount of substance density in Eqs.14 and 35.
We use MATLAB’s inbuilt function fzero for root finding which uses a combination of bisection,
secant, and inverse quadratic interpolation methods. The equations (Eqs.14 and 35) for which we
need to obtain roots are highly nonlinear and many roots are possible. It is thus important to
ascertain which root ρ˜ is physically meaningful. We follow the suggestions in (Gernert et al., 2014)
to do this. MATLAB’s root finding solver fzero requires an initial estimate or interval for ρ˜ in
which we believe the root lies in. This was generated using the ideal gas law or exploration of the
range of Eqs.14 and 35 for different values of p and T . This could also be done through using an
SRK equation of state as suggested in (Gernert et al., 2014).
4. Verification of the results with Available Experimental Results
We compare the approaches of pure CO2 model (Staley, 1970), IMRG model (Seiff et al., 1980),
LJ-1999 model (Lemmon and Jacobsen, 1999) and GERG-2008 model (Kunz and Wagner, 2012)
against experimental data. Our main motivation is to show that the real gas mixture models per-
form better than the other approaches in predicting the thermodynamic properties of the real gas
mixture CO2 − N2. Staley (1970) and Seiff et al. (1980) used the compilation of experimentally
determined properties of CO2 and N2 found in Hilsenrath et al. (1955). To account for more recent
experiments, we use the equations of state for CO2 (Span and Wagner, 1996) and N2 (Span et al.,
2000). For comparison, the uncertainty in the isobaric specific heat capacity data of CO2 tabu-
lated in (Hilsenrath et al., 1955) is of the order of ±2.0% for 220K ≤ T ≤ 600K at atmospheric
pressure. This is considering the experimental data available at that time which had low reliabil-
ity. The uncertainty in cp for CO2 as obtained from the equation of state in Helmholtz energy
(Span and Wagner, 1996) is of the order of ±0.15% at the same pressure when considered against
more reliable experimental data. Considering N2, the uncertainty in cp data obtained using the
equation of state in Helmholtz energy (Span et al., 2000) is of the order of ±0.3% against that of
±3.0% uncertainty in cp data of Hilsenrath et al. (1955) for 100K ≤ T ≤ 700K at atmospheric
pressure.
For the comparing accuracy of the different models, we look at experiments that reported
results for CO2 −N2 mixtures with xCO2 > 0.9 as the main contention by the approach proposed
by Seiff et al. (1980) was that non-ideal interactions between CO2 and N2 can be safely neglected
for such mixtures. Table 5 summarizes the literature that was used.
Reference Type of Expt. Data Pressure Range (MPa) Temperature Range (K) xCO2 (%)
Brugge et al. (1989) pρT 0.21-6.63 300-320 90.92
Brugge et al. (1997) pρT 1.03-69.09 285-450 90.92
Ely et al. (1989) pρT 2.26-33.10 250-330 98.20
Mantovani et al. (2012) pρT 1.00-20.00 303-383 90.21, 95.85
Bishnoi et al. (1972) cp 3.45-14.48 313-363 93.23
Table 5: Experimental Data for CO2 Rich Mixtures of CO2 −N2
In Figures 1, 2, 3 and 4, we look at the relative deviations of density calculated using the
different models against the experimental data. The results indicate that the GERG-2008 mixture
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model is the most accurate for these temperature and pressure ranges followed by the LJ-1999
mixture model, then the IMRG model and lastly considering a pure CO2 equation of state. In
addition to comparing the trends of deviations, we can compare the percentage average absolute
deviations in density (calculated over N data points) which is given by
AAD%calc−exp =
1
N
N∑
i=1
100
|ρexp − ρcalc|
ρexp
(38)
where ρexp is the experimentally measured value of density and ρcalc is that predicted by the mixture
model. For example, the AAD% in density obtained from the different mixture models against the
experimental data of (Brugge et al., 1989) are: (i) GERG-2008 – 0.0671, (ii) LJ-1999 – 0.2446,
(iii) IMRG – 0.4842, and (iv) Pure CO2 – 5.7316. The real gas mixture models are also able to
give accurate values of density for the CO2 − N2 mixture in the supercritical region. Considering
xCO2 = 0.9585, the AAD% in density obtained from the different mixture models against the
experimental data of (Mantovani et al., 2012) are: (i) GERG-2008 – 1.3592, (ii) LJ-1999 – 1.5421,
(iii) IMRG – 2.6761, and (iv) Pure CO2 – 9.8766.
This indicates that the real gas mixture models can be used with confidence in calculating
accurate values of the thermodynamic properties for the CO2 − N2 mixture which exists in a
supercritical state in the lower parts of the Venus atmosphere.
0 1 2 3 4 5 6
Pressure p [MPa]
0
1
2
3
4
5
10
0
·
|ρ
ex
p
−
ρ
ca
lc
|/
ρ
ex
p
300 K
GERG-2008 LJ-1999 IMRG Pure CO2
0 1 2 3 4 5 6 7 8
Pressure p [MPa]
0
1
2
3
4
5
10
0
·
|ρ
ex
p
−
ρ
ca
lc
|/
ρ
ex
p
320 K
GERG-2008 LJ-1999 IMRG Pure CO2
Figure 1: Deviations of density calculated using the different models from experimental data for xCO2 = 0.90921 in
(Brugge et al., 1989)
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Figure 2: Deviations of density calculated using the different models from experimental data for xCO2 = 0.90921 in
(Brugge et al., 1997)
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Figure 3: Deviations of density calculated using the different models from experimental data for xCO2 = 0.982 in
(Ely et al., 1989)
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Figure 4: Deviations of density calculated using the different models from experimental data in (Mantovani et al.,
2012)
Lastly, we look at the relative deviations of isobaric specific heat capacity calculated using the
different models against the experimental data (Bishnoi et al., 1972). The trends in Figure 5 show
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that the GERG-2008 and LJ-1999 mixture models are far more accurate than the IMRG model
and the pure CO2 equation of state at predicting values of cp. The AAD% in cp over the real gas
mixture models against the experimental data of (Bishnoi et al., 1972) are (i) GERG-2008 – 1.7083,
and (ii) LJ-1999 – 2.1151.
Through the comparison of the different mixture models against experimental data, we have
seen that it is imperative to include the non-ideal interactions of CO2 and N2 in the mixture when
calculating the thermodynamic properties of the mixture. Moreover, this served as a verification of
our implementation of the different real gas mixture models. The trends of deviations in ρ and cp
obtained here closely match with those in (Gernert, 2013) for the GERG-2008 model and (Lemmon,
1996) for the LJ-1999 model for sets of common experimental data.
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Figure 5: Deviations of isobaric heat capacities calculated using the different models from experimental data for
xCO2 = 0.9323 in (Bishnoi et al., 1972)
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5. Adiabatic Lapse Rate
5.1. LJ-1999, GERG-2008 and Pure CO2 Models
Our starting point for calculating adiabatic lapse rate is Eq.1
Γ = −
T
ρ
(
∂p
∂T
)
ρ(
∂p
∂ρ
)
T
(
g
cp
)
(39)
Isobaric heat capacity cp can be computed using Eq.16. We further note that from Eq.14 and using
the definitions of reducing functions, the different partial derivatives of pressure can be computed
from (
∂p
∂T
)
ρ
= ρ˜R (1 + δαrδ − δτα
r
δτ ) (40)(
∂p
∂ρ
)
T
=
RT
M
(
1 + 2δαrδ + δ
2αrδδ
)
(41)
The adiabatic lapse rate can then be computed using
Γ = −
(1 + δαrδ − δτα
r
δτ )(
1 + 2δαrδ + δ
2αrδδ
) ( g
cp
)
(42)
In the above expression, acceleration due to gravity was assumed to change only with altitude z as
g = go
R2o
(Ro+z)2
where go = 8.869m/s
2 and the radius of the planet of Venus Ro was considered to
be 6052 km.
The atmospheric conditions of Venus are recorded in terms of pressure p and temperature T .
As a part of calculating Γ, density ρ needs to be determined. We follow the discussion in Sec.3 and
additionally consider the initial estimate of density from interpolated values of density reported in
(Moroz, 1981) for altitude range of 0− 100km.
5.2. IMRG Model
We follow the same approach as discussed in Seiff et al. (1980) to calculate the adiabatic lapse
rate for the ideal mixture of real gases model (IMRG). The only difference is that the thermodynamic
properties of the IMRG model are determined from equations of state in Helmholtz free energy as
was discussed in Sec. 2.4. The expression in Eq.2 can be calculated using
Γ = b
(
g
cp
)
(43)
where cp is calculated using Eq.37 and b = −aT (with a as defined in Eq.3). For the IMRG model,
b can be calculated as
b = −
∑
i
xi
[
T
ρ
(
∂ρ
∂T
)
p
]
i
(44)
= −
∑
i
xi

T
ρ
(
∂p
∂T
)
ρ(
∂p
∂ρ
)
T


i
(45)
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The expressions for the partial derivatives of p for component i can be written in a similar fashion to
those in Eqs.40 and 41. The expression for adiabatic lapse rate for the IMRG model then becomes
Γ = −

∑
i
xi

 (1 + δiαrδi − δiτiαrδiτi)(
1 + 2δiαrδi + δ
2
i α
r
δiδi
)



( g
cp
)
(46)
where αr is different for each component i.
6. Results and Discussion
Oyama et al. (1980) reported a vertical gradient of N2 between 22 and 52km altitudes. However,
for the sake of comparison, we consider the Venus atmosphere to be composed of a real gas binary
mixture of CO2 − N2 in the constant volume mixing ratio of 96.5 : 3.5 (Von Zahn et al., 1983).
Additionally, we can assume within experimental uncertainty that the atmosphere can be considered
to be composed of a real gas binary mixture of CO2 −N2 in a ratio of 96.5 : 3.5 by mole fraction.
Thus, we neglect any vertical variation in the composition.
An atmospheric model of Venus was created in (Seiff et al., 1985) using the measurements
obtained from the four Pioneer Venus probes. Details of the profiles measured by these probes can
be found in (Seiff et al., 1980). The vertical profile of the adiabatic lapse rate for this atmospheric
model was computed with the different mixture models which we have discussed using Eqs. 42 and
46. The results for the GERG-2008 mixture model which was shown to be the most accurate mixture
model against experimental data in Section 4 are shown in Figure 6(b). The adiabatic lapse rate
decreases with decreasing pressure and temperature from the surface by almost 1.5 K/km between
surface and 50 km and increases by the same amount in the next 20 km between 50-70 km. Figure
7 shows the difference between Seiff et al. (1985) adiabatic lapse rate computed for ideal mixture
of CO2 −N2 (i.e. ignoring the real gas CO2 −N2 interactions) and adiabatic lapse rate computed
from the GERG-2008 model. The differences in the calculations are as high as 0.02 K/km around
20 km. This is high enough to characterize layers in the atmosphere close to neutrally stable, which
were thought to be initially stable as now unstable. This shows the importance of taking non-ideal
interactions in the real gas mixture into account and using more recent experimental data of CO2
and N2 represented by their equations of state.
VeGa 2 temperature profile (Linkin et al., 1987) is the only one that provides measurements
below 12 km and the adiabatic lapse rates corresponding to this profile computed from the GERG-
2008 model is shown in Figure 6(b). The corresponding static stability profiles are shown in Figure
8 which was calculated using
∆Γ =
(
dT
dz
)
meas
−
(
dT
dz
)
ad
=
(
dT
dz
)
meas
+ Γ (47)
where
(
dT
dz
)
meas
is the gradient of the measured temperature with respect to altitude. This was
computed using a second order centered scheme from the available temperature measurements. The
nonlinear Savitzky-Golay filter was applied to the static stability profile computed for (Linkin et al.,
1987) with a span of 11 points to remove spurious oscillations. Two superadiabatic layers are seen
- one near the surface at about 4 km and another at about 17 km. A layer of near neutral stability
or even slightly unstable layer is also seen in the VeGa 2 profile between 50-54 km. In the static
stability profile for Seiff et al. (1985), the atmosphere is stable near the surface. This difference
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between the static stability plots in Figure 8 can be explained by looking at the difference in
adiabatic lapse rates obtained in Figure 6(b) near the surface for altitudes of 0− 15km.
For obtaining the adiabatic lapse rate and static stability for the higher altitudes in the Venus
atmosphere, we use the pT profiles (Figure 9) obtained from radio occultation studies with the
Magellan spacecraft (Steffes et al., 1994; Jenkins et al., 1994). The temperature profile used for
the calculation of adiabatic lapse rate and static stability are from orbit 3212 of the spacecraft
and is shown in Figure 9. The results obtained for adiabatic lapse rate is shown in Figure 10(a)
and for static stability is shown in Figure 10(b). The vertical profile of static stability obtained
using the GERG-2008 mixture model is similar to the one obtained in (Hinson and Jenkins, 1995).
Differences are due to the fact that (Hinson and Jenkins, 1995) used values of Γ from (Seiff et al.,
1980).
From the infrared spectrometry data onboard Venera-15 (Zasova et al., 2006), it was observed
that there are spatial and temporal variations in the upper atmosphere. To fully understand the
convective stability in the Venus atmosphere, we take these into consideration when calculating
adiabatic lapse rate and static stability. Figure 11 shows the profiles of adiabatic lapse rate and
static stability for latitudes φ < 35◦ and for various solar longitudes. Not only are there clear
variations in the magnitude of static stability from 75−100 km, we also observe that the atmosphere
is unstable from 50−52 km for solar longitude LS = 270
◦−310◦ but stable otherwise. This indicates
the importance of considering the variation in adiabatic lapse rate with both altitude and latitude.
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Figure 6: Comparison of profiles of temperature and adiabatic lapse rate computed using the GERG-2008 mixture
model for the VeGa-2 Lander (Linkin et al., 1987) and the VIRA model (Seiff et al., 1985) constructed from the four
Pioneer Venus probes’ data (Seiff et al., 1980)
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Figure 7: ΓSeiff1980 −ΓGERG2008: Difference in adiabatic lapse rates computed for the VIRA model using the GERG-
2008 model and that calculated in (Seiff et al., 1985)
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Figure 8: Comparison of profiles of static stability with altitude in the Venus atmosphere computed using the GERG-
2008 mixture model considering the profiles measured by the VeGa-2 Lander (Linkin et al., 1987) and the VIRA
model (Seiff et al., 1985) constructed from the four Pioneer Venus probes’ data (Seiff et al., 1980)
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Figure 9: Profile of temperature with altitude of orbit 3212 of the Magellan spacecraft (Steffes et al., 1994;
Jenkins et al., 1994)
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Figure 10: Profiles of adiabatic lapse rate and static stability with altitude in the Venus atmosphere considering
the profile of orbit 3212 of the Magellan spacecraft (Steffes et al., 1994; Jenkins et al., 1994) calculated using the
GERG-2008 mixture model
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Figure 11: Profiles of adiabatic lapse rate and static stability with altitude as a function of solar longitude in the
upper atmosphere of Venus atmosphere calculated using the GERG-2008 mixture model, considering the Venera 15
Fourier Spectrometer data (Zasova et al., 2006)
7. Conclusion and Future Work
We have calculated more accurate values of the adiabatic lapse rate for a mixture of 96.5%
carbon dioxide and 3.5% nitrogen using the GERG-2008 mixture model for the temperature and
pressure conditions found in the Venus atmosphere. We were able to account for the difference in
adiabatic lapse rate values due to non-ideal interactions between CO2 and N2. Near the altitudes
of 20km, the magnitude of our value is about 0.02K/km lower than the approximate value calcu-
lated by Seiff et al. (1980). We showed the importance of considering spatial variations in adiabatic
lapse rate with latitude and altitude as well as temporal variations. These calculations can also
be performed considering the Venus atmosphere composition to vary with altitude to reflect the
measured differences in the composition. It was shown in (Oyama et al., 1980) that the abun-
dance of nitrogen in the atmosphere can be as high as 4.6 v% at 51.6km and more recent studies
(Peplowski and Lawrence, 2016) have reported higher values of 5.38 v% at 60 − 70km. Further,
considering the gradient in molecular weight with altitude will alter all available profiles of T (p) for
occultation and entry probe measurements, and T (z) for non occultation results. Moreover, this
approach can be applied to other planets or moons such as Saturn’s largest moon Titan which has
an atmosphere composed of mainly nitrogen and methane.
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Appendix A. Derivation of Real Gas Adiabatic Lapse Rate
Here, we outline a derivation of the real gas adiabatic lapse rate along the lines of Staley (1970)
and show it is applicable to any planetary atmosphere with altitude varying real gas mixture compo-
sition. The system in consideration is a parcel of air composed of m real gas components at altitude
z. There are ni moles of component gas i. This parcel of air is engaged in the adiabatic process
of rising in the atmosphere. The first law of thermodynamics gives us the following relationship
between the internal energy U , heat Q and work done W on the system
dU = δQ− δW +
∑
i
µidni (A.1)
where µi is the chemical potential of the ith component gas of the system and dni is the change in
number of moles of that particular component. Considering that the parcel of air has a constant
composition while rising,
dU = δQ− δW (A.2)
Assuming specific internal energy u as a function of temperature T , specific volume v and compo-
sition we have
du =
(
∂u
∂T
)
v,
∑
ni
dT +
(
∂u
∂v
)
T,
∑
ni
dv +
∑
j
(
∂u
∂nj
)
T,v,
∑
i6=j ni
dnj (A.3)
where the subscript
∑
ni denotes that the mole numbers of all the component gases is held con-
stant for the corresponding partial derivative and
∑
j 6=i nj denotes that the mole numbers of all
component gases but jth component is held constant. Noting that the composition of the air parcel
does not change while rising, the above equation is simplified to
du = cvdT +
(
∂u
∂v
)
T
dv (A.4)
where cv is the isochoric specific heat capacity. Using the Maxwell’s relation of(
∂u
∂v
)
T
= T
(
∂p
∂T
)
v
− p (A.5)
where p is pressure in the parcel, we obtain from substituting in Eq.A.2:
dq = cvdT + T
(
∂p
∂T
)
v
dv (A.6)
If we were to introduce an equation of state explicit in pressure p = p(v, T, ni) , we would then have
dp =
(
∂p
∂T
)
v,
∑
ni
dT +
(
∂p
∂v
)
T,
∑
ni
dv +
∑
j
(
∂p
∂nj
)
T,v,
∑
i6=j ni
dnj (A.7)
which reduces to
dp =
(
∂p
∂T
)
v
dT +
(
∂p
∂v
)
T
dv (A.8)
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as the parcel maintains constant composition while rising. Writing it explicitly in terms of volume
differential, we have
dv =
dp−
(
∂p
∂T
)
v
dT(
∂p
∂v
)
T
(A.9)
Substituting above in Eq.A.6, we get
dq =

cv − T
(
∂p
∂T
)2
v(
∂p
∂v
)
T

 dT + T
(
∂p
∂T
)
v(
∂p
∂v
)
T
dp (A.10)
dq = cpdT + T
(
∂p
∂T
)
v(
∂p
∂v
)
T
dp (A.11)
where cp is the isobaric specific heat capacity of the multi-component real gas mixture that makes
up the parcel of air. Assuming adiabatic condition and using the hydrostatic equation dp = −ρgdz
where ρ (= 1/v) is the density of the air parcel, the following expression for adiabatic lapse rate Γ
is obtained.
Γ = −
dT
dz
= −Tρ
(
∂p
∂T
)
v(
∂p
∂v
)
T
(
g
cp
)
=
T
ρ
(
∂p
∂T
)
ρ(
∂p
∂ρ
)
T
(
g
cp
)
(A.12)
Appendix B. Equation of State for N2
Derivatives required for the evaluation of thermodynamic properties are given by
(B.1)
(
∂2α0N2
∂τ2
)
δ
= −a1τ
−2 + 2a4τ
−3 + 6a5τ
−4 + 12a6τ
−5 − a7a8
exp(a8τ)
[exp(a8τ)− 1]2
(B.2)
(
∂αrN2
∂δ
)
τ
=
6∑
k=1
ikNkδ
ik−1τ jk +
32∑
k=7
Nkδ
ik−1τ jk exp(−δlk )(ik − lkδ
lk)
+
36∑
k=33
Nkδ
ik−1τ jk exp(−φk(δ − 1)
2 − βk(τ − γk)
2)[ik − 2δφk(δ − 1)]
(
∂2αrN2
∂δ2
)
τ
=
6∑
k=1
ik(ik−1)Nkδ
ik−2τ jk +
32∑
k=7
Nkδ
ik−2τ jk exp(−δlk)[(ik − lkδ
lk)(ik−1− lkδ
lk)− l2kδ
lk ]
+
36∑
k=33
Nkδ
ik−2τ jk exp(−φk(δ − 1)
2 − βk(τ − γk)
2){[ik − 2φkδ(δ − 1)]
2 − ik − 2δ
2φk}
(B.3)
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k Nk ik jk lk k Nk ik jk lk
1 0.924803575275 1 0.250 0 19 -0.043576233605 1 4.000 2
2 -0.492448489428 1 0.875 0 20 -0.072317488932 2 6.000 2
3 0.661883336938 2 0.500 0 21 0.038964431527 3 6.000 2
4 -1.929026492010 2 0.875 0 22 -0.021220136391 4 3.000 2
5 -0.062246930963 3 0.375 0 23 0.004088229815 5 3.000 2
6 0.349943957581 3 0.750 0 24 -0.000055199002 8 6.000 2
7 0.564857472498 1 0.500 1 25 -0.046201671648 4 16.000 3
8 -1.617200059870 1 0.750 1 26 -0.003003117160 5 11.000 3
9 -0.481395031883 1 2.000 1 27 0.036882589121 5 15.000 3
10 0.421150636384 3 1.250 1 28 -0.002558568462 8 12.000 3
11 -0.016196223083 3 3.500 1 29 0.008969152646 3 12.000 4
12 0.172100994165 4 1.000 1 10 -0.004415133704 5 7.000 4
13 0.007354489249 6 0.500 1 31 0.001337229249 6 4.000 4
14 0.016807730548 6 3.000 1 32 0.000264832492 9 16.000 4
15 -0.001076266642 7 0.000 1 33 19.668819401500 1 0.000 2
16 -0.013731808851 7 2.750 1 34 -20.911560073000 1 1.000 2
17 0.000635466900 8 0.750 1 35 0.016778830699 3 2.000 2
18 0.003044322794 8 2.500 1 36 2627.675662740000 2 3.000 2
k φk βk γk
33 20 325 1.16
34 20 325 1.16
35 15 300 1.13
36 25 275 1.25
Table B.6: Parameters as in Eq.27
(
∂2αrN2
∂δ∂τ
)
=
6∑
k=1
ikjkNkδ
ik−1τ jk−1 +
32∑
k=7
jkNkδ
ik−1τ jk−1 exp(−δlk)(ik − lkδ
lk)
+
36∑
k=33
Nkδ
ik−1τ jk−1 exp(−φk(δ−1)
2−βk(τ −γk)
2)[ik−2δφk(δ−1)][jk−2τβk(τ −γk)]
(B.4)
(
∂2αrN2
∂τ2
)
δ
=
6∑
k=1
jk(jk − 1)Nkδ
ikτ jk−2 +
32∑
k=7
jk(jk − 1)Nkδ
ikτ jk−2 exp(−δlk )
+
36∑
k=33
Nkδ
ikτ jk−2 exp(−φk(δ− 1)
2− βk(τ − γk)
2){[jk − 2βkτ(τ − γk)]
2− jk − 2τ
2βk}
(B.5)
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i ni di ti ci i ni di ti ci
1 0.38856823203161 1 0.000 18 -0.01677587970043 1 6.000 2
2 2.93854759427400 1 0.750 19 -0.11960736637987 4 3.000 2
3 -5.58671885349340 1 1.000 20 -0.04561936250878 4 6.000 2
4 -0.76753199592477 1 2.000 21 0.03561278927035 4 8.000 2
5 0.31729005580416 2 0.750 22 -0.00744277271321 7 6.000 2
6 0.54803315897767 2 2.000 23 -0.00173957049024 8 0.000 2
7 0.12279411220335 3 0.750 24 -0.02181012128953 2 7.000 3
8 2.16589615432200 1 1.500 1 25 0.02433216655924 3 12.000 3
9 1.58417351097240 2 1.500 1 26 -0.03744013342346 3 16.000 3
10 -0.23132705405503 4 2.500 1 27 0.14338715756878 5 22.000 4
11 0.05811691643144 5 0.000 1 28 -0.13491969083286 5 24.000 4
12 -0.55369137205382 5 1.500 1 29 -0.02315122505348 6 16.000 4
13 0.48946615909422 5 2.000 1 30 0.01236312549290 7 24.000 4
14 -0.02427573984350 6 0.000 1 31 0.00210583219729 8 8.000 4
15 0.06249479050168 6 1.000 1 32 -0.00033958519026 10 2.000 4
16 -0.12175860225246 6 2.000 1 33 0.00559936517716 4 28.000 5
17 -0.37055685270086 1 3.000 2 34 -0.00030335118056 8 14.000 6
i ni di ti αi βi γi ǫi
35 -213.65488688320000 2 1.000 25 325 1.16 1
36 26641.56914927200000 2 0.000 25 300 1.19 1
37 -24027.21220455700000 2 1.000 25 300 1.19 1
38 -283.41603423999000 3 3.000 15 275 1.25 1
39 212.47284400179000 3 3.000 20 275 1.22 1
i ni ai bi βi Ai Bi Ci Di
40 -0.66642276540751 3.5 0.875 0.3 0.7 0.3 10 275
41 0.72608632349897 3.5 0.925 0.3 0.7 0.3 10 275
42 0.05506866861284 3 0.875 0.3 0.7 1 12.5 275
Table C.7: Parameters as in Eq.29
Appendix C. Equation of State for CO2
Derivatives as required are given by
(C.1)
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∂δ
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(C.3)
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(C.4)
Derivatives of ∆ and ∆bi are given by
∂∆
∂δ
= (δ − 1)
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1
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(C.5)
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∂∆bi
∂δ
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∂∆
∂δ
(C.7)
∂2∆bi
∂δ2
= bi
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∂2∆
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∂∆bi
∂τ
= −2θbi∆
bi−1 (C.9)
∂2∆bi
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bi−1 + 4θ2bi(bi − 1)∆
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Derivatives of Ψ are given by
∂Ψ
∂δ
= −2CiΨ(δ − 1) (C.12)
∂2Ψ
∂δ2
= 2CiΨ[2Ci(δ − 1)
2 − 1] (C.13)
∂Ψ
∂τ
= −2DiΨ(τ − 1) (C.14)
∂2Ψ
∂τ2
= 2DiΨ[2Di(τ − 1)
2 − 1] (C.15)
∂2Ψ
∂δ∂τ
= 4CiDiΨ(δ − 1)(τ − 1) (C.16)
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